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ON PRESENTATIONS OF SURFACE BRAID GROUPS
PAOLO BELLINGERI
Abstract. We give presentations of braid groups and pure braid groups on
surfaces and we show some properties of surface pure braid groups.
1. Presentations for surface braids
Let F be an orientable surface and let P = {P1, . . . , Pn} be a set of n distinct
points of F . A geometric braid on F based at P is an n-tuple Ψ = (ψ1, . . . , ψn) of
paths ψi : [0, 1]→ F such that
• ψi(0) = Pi, i = 1 . . . , n;
• ψi(1) ∈ P , i = 1 . . . , n;
• ψ1(t), . . . , ψn(t) are distinct points of F for all t ∈ [0, 1].
The usual product of paths defines a group structure on the set of braids up to
homotopies among braids. This group, denoted B(n, F ), does not depend on the
choice of P and it is called the braid group on n strings on F . On the other hand, let
be FnF = F
n \∆, where ∆ is the big diagonal, i.e. the n-tuples x = (x1, . . . xn) for
which xi = xj for some i 6= j. There is a natural action of Σn on FnF by permuting
coordinates. We call the orbit space FˆnF = FnF/Σn configuration space. Then
the braid group B(n, F ) is isomorphic to pi1(FˆnF ). We recall that the pure braid
group P (n, F ) on n strings on F is the kernel of the natural projection of B(n, F )
in the permutation group Σn. This group is isomorphic to pi1(FnF ). The first aim
of this article is to give (new) presentations for braid groups on orientable surfaces.
A p-punctured surface of genus g ≥ 1 is the surface obtained by deleting p points
on a closed surface of genus g ≥ 1.
Theorem 1.1. Let F be an orientable p-punctured surface of genus g ≥ 1. The
group B(n, F ) admits the following presentation (see also section 2.2):
• Generators: σ1, . . . , σn−1, a1, . . . , ag, b1, . . . , bg, z1, . . . , zp−1 .
• Relations:
– Braid relations, i.e.
σiσi+1σi = σi+1σiσi+1 ;
σiσj = σjσi for |i− j| ≥ 2 .
– Mixed relations:
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(R1) arσi = σiar (1 ≤ r ≤ g; i 6= 1) ;
brσi = σibr (1 ≤ r ≤ g; i 6= 1) ;
(R2) σ−11 arσ
−1
1 ar = arσ
−1
1 arσ
−1
1 (1 ≤ r ≤ g) ;
σ−11 brσ
−1
1 br = brσ
−1
1 brσ
−1
1 (1 ≤ r ≤ g) ;
(R3) σ−11 asσ1ar = arσ
−1
1 asσ1 (s < r) ;
σ−11 bsσ1br = brσ
−1
1 bsσ1 (s < r) ;
σ−11 asσ1br = brσ
−1
1 asσ1 (s < r) ;
σ−11 bsσ1ar = arσ
−1
1 bsσ1 (s < r) ;
(R4) σ−11 arσ
−1
1 br = brσ
−1
1 arσ1 (1 ≤ r ≤ g) ;
(R5) zjσi = σizj (i 6= n− 1, j = 1, . . . , p− 1) ;
(R6) σ−11 ziσ1ar = arσ
−1
1 ziσ1 (1 ≤ r ≤ g; i = 1, . . . , p− 1; n > 1) ;
σ−11 ziσ1br = brσ
−1
1 ziσ1 (1 ≤ r ≤ g; i = 1, . . . , p− 1; n > 1) ;
(R7) σ−11 zjσ1zl = zlσ
−1
1 zjσ1 (j = 1, . . . , p− 1, j < l) ;
(R8) σ−11 zjσ
−1
1 zj = zjσ
−1
1 zjσ
−1
1 (j = 1, . . . , p− 1) .
Theorem 1.2. Let F be a closed orientable surface of genus g ≥ 1. The group
B(n, F ) admits the following presentation:
• Generators: σ1, . . . , σn−1, a1, . . . , ag b1, . . . , bg.
• Relations:
– Braid relations as in Theorem 1.1.
– Mixed relations:
(R1) arσi = σiar (1 ≤ r ≤ g; i 6= 1) ;
brσi = σibr (1 ≤ r ≤ g; i 6= 1) ;
(R2) σ−11 arσ
−1
1 ar = arσ
−1
1 arσ
−1
1 (1 ≤ r ≤ g) ;
σ−11 brσ
−1
1 br = brσ
−1
1 brσ
−1
1 (1 ≤ r ≤ g) ;
(R3) σ−11 asσ1ar = arσ
−1
1 asσ1 (s < r) ;
σ−11 bsσ1br = brσ
−1
1 bsσ1 (s < r) ;
σ−11 asσ1br = brσ
−1
1 asσ1 (s < r) ;
σ−11 bsσ1ar = arσ
−1
1 bsσ1 (s < r) ;
(R4) σ−11 arσ
−1
1 br = brσ
−1
1 arσ1 (1 ≤ r ≤ g) ;
(TR) [a1, b
−1
1 ] · · · [ag, b
−1
g ] = σ1σ2 · · ·σ
2
n−1 · · ·σ2σ1 ,
where [a, b] := aba−1b−1.
We may assume that Theorem 1.1 provides also a presentation for B(n, F ), when
F an orientable surface with p boundary components. When F is a closed orientable
surface, our presentations are similar to Gonza´lez-Meneses’ presentations, but the
number of relations is smaller. We recall also that the first presentations of braid
groups on closed surfaces were found by Scott ([18]), afterwards revised by Kulikov
and Shimada ([13]). At our knowledge, the case of punctured surfaces is new in the
literature. Our proof is inspired by Morita’s combinatorial proof for the classical
presentation of Artin’s braid group ([15]). We will explain this approach while
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proving Theorem 1.1. After that we will show how to make this technique fit for
obtaining Theorem 1.2. The last part of the article concerns the study of surface
pure braids groups, for F an orientable surface. We provide in Theorem 6.1 a
homogeneous presentation for P (n, F ), very close to the standard presentation of
the pure braid group Pn on the disk. Several results on surface pure braid groups
are deduced.
Acknowledgments. The author is grateful to John Guaschi for his preprint on
surface pure braids and to Barbu Berceanu, Louis Funar, Juan Gonza´lez-Meneses,
Stefan Papadima and Vlad Sergiescu for useful discussions and suggestions. Part
of this work was done during the author’s visit to the I.M.A.R. of Bucharest, whose
support and hospitality are gratefully acknowledged.
2. Preliminaries
2.1. Fadell-Neuwirth fibrations. The main tool one uses is the Fadell-Neuwirth
fibration, with its generalisation and the corresponding exact sequences. As ob-
served in [4], if F is a surface (closed or punctured, orientable or not), the map
θ : FnF → Fn−1F defined by
θ(x1, . . . , xn) = (x1, . . . , xn−1)
is a fibration with fiber F \ {x1, . . . , xn−1}. The exact homotopy sequence of the
fibration gives us the exact sequence
· · ·pi2(FnF )→ pi2(Fn−1F )→ pi1(F \ {x1, . . . , xn−1})
→ P (n, F )→ P (n− 1, F )→ 1.
Since a punctured surface (with at least one puncture) has the homotopy type of a
one dimensional complex, we deduce
pik(FnF ) ∼= pik(Fn−1F ) ∼= · · · ∼= pik(F ), k ≥ 3
and
pi2(FnF ) ⊆ pi2(Fn−1F ) ⊆ · · · ⊆ pi2(F ) .
If F is an orientable surface and F 6= S2, all higher homotopy groups are trivial.
Thus, if F is an orientable surface different from the sphere we can conclude that
there is an exact sequence
(PBS) 1 ✲ pi1(F \ {x1, . . . , xn−1}) ✲ P (n, F )
θ✲ P (n− 1, F )→ 1,
where θ is the map that “forgets” the last path pointed at xn.
The problem of the existence of a section for (PBS) has been completely solved
in [11]. It is possible to show that θ admits a section, when F has punctures. On
the other hand, when F is a closed orientable surface of genus g ≥ 2, (PBS) splits
if and only if n = 2. An explicit section is shown in [2] in the case of the torus.
2.2. Geometric interpretations of generators and relations. Let F be an
orientable surface. Let B˜(n, F ) be the group with the presentation given in Theorem
1.1 or Theorem 1.2 respectively. The geometric interpretation for generators of
B˜(n, F ), when F is a closed surface of genus g ≥ 1 is the same as in [8], except that
we represent F as a polygon L of 4g sides with the standard identification of edges
(see also section 5.3). We can consider braids as paths on L, which we draw with
the usual “over and under” information at the crossing points. Figure 1 presents
the generators of B˜(n, F ) realized as braids on L.
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Pi Pi+1
a
αα
α
ββi i
i
i
i
i
iβ
bi
a b σi i i
PnP1 PnP1
Figure 1. Generators as braids (for F an orientable closed surface).
Note that in the braid ai (respectively bi) the only non trivial string is the first
one, which goes through the the wall αi (the wall βi). Remark also that σ1 . . . , σn−1
are the classical braid generators on the disk.
βr α r
βr
βr
βr
α
r
α
rα
r
        
Figure 2. Geometric interpretation for relation (R4) in Theorem
1.1; homotopy between σ−11 arσ
−1
1 br (on the left) and brσ
−1
1 arσ1
(on the right).
It is easy to check that the relations above hold in B(n, F ). The non trivial
strings of ar (br) and σi when i 6= 1, may be considered to be disjoint and then
(R1) holds in B(n, F ). On the other hand, σ−11 arσ
−1
1 is the braid whose the only
non trivial string is the second one, which goes through the the wall αr and disjoint
from the corresponding non trivial string of ar. Then σ
−1
1 arσ
−1
1 and ar commute.
Similarly we have that σ−11 brσ
−1
1 and br commute and (R2) is verified. The case of
(R3) is similar. Figure 2 presents a sketch of a homotopy between with σ−11 arσ
−1
1 br
and brσ
−1
1 arσ1. Thus, (R4) holds in B(n, F ).
Let sr (respectively tr) be the first string of ar (respectively br), for r = 1, . . . , 2g,
and consider all the paths s1, t1, . . . , sg, tg. We cut L along them and we glue the
pieces along the edges of L. We obtain a new fundamental domain (see Figure 3,
for the case of a surface of genus 2), called L1, with vertex P1. On L1 it is clear
that [a1, b
−1
1 ] · · · [ag, b
−1
g ] is equivalent to the braid of Figure 4, equivalent to the
braid σ1σ2 . . . σ
2
n−1 . . . σ2σ1 and then (TR) is verified in B(n, F ).
There is an analogous geometric interpretation of generators of B˜(n, F ), for F an
orientable p-punctured surface. The definition of generators σi, aj, bj is the same as
above. We only have to add generators zi, where the only non trivial string is the
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P1 P1
P1
P1
P1
P1
P1
P1
P1
1t
1t
1t
s2
s2
s2
2
t
2
t
2
t
1α
β 1
α 2
β 2
1α
β 1
α 2
β 2
α
1s s
s
1 1
α
2
β
β
1
2
1
Figure 3. The fundamental domain L1.
P1
P1
g
n
P1 P
t
t
s1
1
Figure 4. Braid [a1, b
−1
1 ] · · · [ag, b
−1
g ].
first one, which is a loop around the i-th boundary component (Figure 5), except
the p-th one.
As above, relations can be easily checked on corresponding paths (Figure 6).
Remark that a loop of the first string around the p-th boundary component can
be represented by the geometric braid corresponding to the element
[a1, b
−1
1 ] · · · [ag, b
−1
g ]σ
−1
1 · · ·σ
−1
n−1 · · ·σ
−1
1 z1 · · · zp−1 .
Therefore, one has natural morphisms φn : B˜(n, F ) → B(n, F ). One further
shows that φn are actually isomorphisms.
3. Outline of the proof of Theorem 1.1
3.1. The inductive assertion. We outline the ideas of the proof for F a surface
of genus g with one puncture. One applies an induction on the number n of strands.
For n = 1, B˜(1, F ) = pi1(F ) = B(1, F ), then φ1 is an isomorphism.
Consider the subgroup B0(n, F ) = pi−1(Σn−1) and the map
θ : B0(n, F )→ B(n− 1, F )
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PiPn
P1
r
r
r r
α
β
α
a
Pn
P1
r
r
r
r β
αβ
b σ i
Pi+1
P1
γ piγ
γ
1
Pn
z i
Figure 5. Generators as braids (for F an orientable surface with
p boundary components).
P1 P2γ 1
P1 P2 γ l γljγγ1γj
Figure 6. The braids σ−11 zjσ1 and σ
−1
1 zjσ
−1
1 . The non trivial
string of σ−11 zjσ1 can be considered disjoint from the non trivial
string of zl, for j < l. Similarly the braid σ
−1
1 zjσ
−1
1 commutes
with zj.
which “forgets” the last string. Now, let B˜0(n, F ) be the subgroup of B˜(n, F )
generated by a1, . . . , ag, b1, . . . , bg, σ1, . . . , σn−2, τ1, . . . , τn−1, ω1, . . . , ω2g, where
τj = σn−1 · · ·σj+1σ
2
jσ
−1
j+1 · · ·σ
−1
n−1 (τn−1 = σ
2
n−1) ;
ω2r−1 = σ
−1
n−1 · · ·σ
−1
1 arσ1 · · ·σn−1 r = 1, . . . , g ;
ω2r = σ
−1
n−1 · · ·σ
−1
1 brσ1 · · ·σn−1 r = 1, . . . , g .
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We construct the following diagram:
B˜0(n, F )
θ˜✲ B˜(n− 1, F )
B0(n, F )
φ
n|B˜0(n,F )
❄
θ✲ B(n− 1, F )
φn−1
❄
The map θ˜ is defined as φ−1n−1θφn|B0(n,F ). It is well defined, since φn−1 is an
isomorphism by the inductive assumption, and it is onto. In fact, θ˜(ai) = ai, θ˜(bi) =
bi for i = 1, . . . , g and θ˜(σj) = σj for j = 1, . . . , n− 2.
3.2. The existence of a section. The morphism θ˜ has got a natural section
s : B˜(n − 1, F ) → B˜0(n, F ) defined as: s(σj) = σj , s(ai) = ai, s(bi) = bi for
j = 1, . . . , n− 2 and i = 1, . . . , 2g.
Remark 3.1. Geometrically this section consists of adding a straight strand just
to the left of the puncture. Generators are sent in corresponding generators.
Given a group G and a subset G of elements of G we set 〈G〉 for the subgroup of
G generated by G and 〈〈G〉〉 for the subgroup of G normally generated by G. From
now on, given a, b two elements of a group G, we set ab = b−1ab and ba = bab−1.
Lemma 3.1. Let G = {τ1, . . . , τn−1, ω1, . . . , ω2g}. Then Ker(θ˜) = 〈G〉.
Proof: We set β = τ1 · · · τn−1 = σn−1 · · ·σ2σ21σ2 · · ·σn−1 and γ = β
−1τ1β =
= σ−1n−1 · · ·σ
−1
2 σ
2
1σ2 · · ·σn−1. By construction we have 〈G〉 ⊂ Ker(θ˜).
The existence of a section s implies that Ker(θ˜) = 〈〈G〉〉. In fact, suppose that
there is such x ∈ Ker(θ˜) that x /∈ 〈〈G〉〉. Thus, there is a word x′ 6= 1 on generators
a1, . . . , ag, b1, . . . , bg, σ1, . . . , σn−2, of B˜
0(n, F ) such that θ˜(x′) = 1, because all other
generators of B˜0(n, F ) are in 〈G〉. This is false, since x′ = s(θ˜(x′)). To prove that
〈G〉 is normal, we need to show that hg, gh ∈ 〈G〉 for all generators g of B˜0(n, F )
and for all h ∈ G.
i) Let g be one of the classical braid generators σj , j = 1, . . . , n − 2. It is clear
that τ
σj
i and
σj τi (i = 1, . . . , n − 1) belong to 〈τ1, . . . , τn−1〉, since it is already
true in classical braid groups ([15], [19]). On the other hand, ω
σj
i =
σjωi = ωi
(i = 1, . . . , 2g).
ii) Let g = ar or g = br (r = 1, . . . , g). Commutativity relations imply τ
g
j =
gτj = τj (j = 2, . . . n− 1). Note that
arτ1 =
βω−1
2r−1γ and τar1 =
τ
−1
1
βω2r−1γ for r = 1, . . . , g ;
brτ1 =
βω
−1
2r γ and τbr1 =
τ
−1
1
βω2rγ for r = 1, . . . , g .
We show only the first equation (the other is similar). By iterated application of
[ar, σ1a
−1
r σ1] = 1 we obtain:
arτ1 = σn−1 · · ·σ2arσ1a
−1
r arσ1a
−1
r σ1σ
−1
1 σ
−1
2 · · ·σ
−1
n−1 =
= σn−1 · · ·σ2arσ1a
−1
r σ1a
−1
r σ1arσ
−1
1 σ
−1
2 · · ·σ
−1
n−1 =
= σn−1 · · ·σ2σ1a
−1
r σ1σ1arσ
−1
1 σ
−1
2 · · ·σ
−1
n−1 =
βω
−1
2r−1γ .
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Set a2,s = σ
−1
1 asσ1 for s = 1, . . . , g and respectively b2,s = σ
−1
1 bsσ1 for s =
1, . . . , g. In the same way as above we find that:
(RC1) (σ21)
ar = a2,r (σ21) (r = 1, . . . , g) ;
(σ21)
br = b2,r (σ21) (r = 1, . . . , g) ;
(RC2) ar(σ21) = (σ
2
1)
a2,rσ
−2
1 (r = 1, . . . , g) ;
br(σ21) = (σ
2
1)
b2,rσ
−2
1 (r = 1, . . . , g) .
Now, remark that relations (R3) and (R4) imply the following relations:
(R3′) arσ1asσ
−1
1 = σ1asσ
−1
1 ar (r < s) ;
brσ1asσ
−1
1 = σ1asσ
−1
1 br (r < s) ;
arσ1bsσ
−1
1 = σ1bsσ
−1
1 ar (r < s) ;
brσ1bsσ
−1
1 = σ1bsσ
−1
1 br (r < s) ;
(R4′) brσ
−1
1 ar−1σ1 = σ
−1
1 ar−1σ
−1
1 ar (1 ≤ r ≤ g) ;
Relations (RC1), (RC2), (R3′), (R4′) combined with relations (R2), (R3), (R4) give:
ara2,s = a2,s (s < r) ;
bra2,s = a2,s (s < r) ;
arb2,s = b2,s (s < r) ;
brb2,s = b2,s (s < r) ;
aar2,r =
a2,rσ
−2
1 a2,r (1 ≤ r ≤ g) ;
bbr2,r =
b2,rσ
−2
1 b2,r (1 ≤ r ≤ g) ;
ara2,r =
σ2
1a2,r (1 ≤ r ≤ g) ;
brb2,r =
σ2
1 b2,r (1 ≤ r ≤ g) ;
aar2,s =
[a2,r ,σ
−2
1
](a2,s) (r < s) ;
bar2,s =
[a2,r,σ
−2
1
](b2,s) (r < s) ;
abr2,s =
[b2,r ,σ
−2
1
](a2,s) (r < s) ;
bbr2,s =
[b2,r ,σ
−2
1
](b2,s) (r < s) ;
ara2,s =
[σ2
1
,a−1
2,r
](a2,s) (s < r) ;
bra2,s =
[σ2
1
,b
−1
2,r
](a2,s) (s < r) ;
arb2,s =
[σ2
1
,a
−1
2,r
](b2,s) (s < r) ;
brb2,s =
[σ2
1
,b
−1
2,r
](b2,s) (s < r) ;
bar2,r = (a2,rσ
−2
1 a
−1
2,r)b2,r[σ
−2
1 , a2,r] (1 ≤ r ≤ g) ;
arb2,r = σ
2
1b2,r[a
−1
2,r, σ
2
1 ] (1 ≤ r ≤ g) ;
bra2,r = a2,rσ
−2
1 (1 ≤ r ≤ g) ;
abr2,r = a2,rb2,rσ
2
1b
−1
2,r (1 ≤ r ≤ g) .
ON PRESENTATIONS OF SURFACE BRAID GROUPS 9
A consequence of these identities and relation (R1) is that ωari ,
arωi, ω
br
i ,
brωi ∈ 〈G〉
(i, r = 1, . . . , g). 
Lemma 3.2. Set also {ω1, . . . , ω2g, τ1, . . . τn−1} in B
0(n, F ) for {φn(ω1), . . . , φn(ω2g),
φn(τ1), . . . φn(τn−1)}. Then Ker(θ) is freely generated by {ω1, . . . , ω2g, τ1, . . . ,
τn−1}.
Proof: The diagram
P (n, F )
θ✲ P (n− 1, F )
B0(n, F )
❄
∩
θ✲ B(n− 1, F )
❄
∩
is commutative and the kernels of horizontal maps are the same. As stated in
section 2.1, Ker(θ) = pi1(F \ {P1, . . . , Pn−1}, Pn). If the fundamental domain is
changed as in Figure 6 and ωj, τi are considered as loops of the fundamental group
of F \ {P1, . . . , Pn−1} based on Pn, it is clear that pi1(F \ {P1, . . . , Pn−1}, Pn) =
〈ω1, . . . , ω2g, τ1, . . . τn−1| ∅ 〉. 
P
n
P
n
P
n
P
n
P
n
P
n
P
n
P
n
4
ω2
ω1 2
ω
ω
1
ω
ω
3
ω4
ω3
τ 1
P1
ω2
ω3
ω4
ω1
Figure 7. Interpretation of ωj , τi as loops of the fundamental group.
Lemma 3.3. φ
n|B˜0(n,F )
is an isomorphism.
Proof: From the previous Lemmas it follows that the map fromKer(θ˜) toKer(θ)
is an isomorphism. The Five Lemma and the inductive assumption conclude the
proof. 
3.3. End of the proof. In order to show that φn is an isomorphism, let us re-
mark first that it is onto. In fact, from the previous Lemma the image of B˜(n, F )
contains Pn and on the other hand B˜(n, F ) surjects on Σn. Since the index of
B0(n, F ) in B(n, F ) is n, it is sufficient to show that [B˜(n, F ) : B˜0(n, F )] = n.
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Consider the elements ρj = σj · · ·σn−1 (we set ρn = 1) in B˜(n, F ). We claim that⋃
i ρiB˜
0(n, F ) = B˜(n, F ). We only have to show that for any (positive or negative)
generator g of B˜(n, F ) and i = 1, . . . , n there exists j = 1, . . . , n and x ∈ B˜0(n, F )
such that
gρi = ρjx .
If g is a classical braid, this result is well-known ([3]). Other cases come almost
directly from the definition of ωj . Thus every element of B˜(n, F ) can be written in
the form ρiB˜
0(n, F ). Since ρ−1i ρj /∈ B˜
0(n, F ) for i 6= j we are done. 
The previous proof holds also for p > 1. This time B˜0(n, F ) is the subgroup of
B˜(n, F ) generated by a1, . . . , ag, b1, . . . , bg, σ1, . . . , σn−2, τ1, . . . , τn−1, ω1, . . . , ω2g,
ζ1, . . . , ζp−1 where τj , ωr are defined as above and ζj = σ
−1
n−1 · · ·σ
−1
1 zjσ1, · · · , σn−1.

4. Proof of Theorem 1.2
4.1. About the section. The steps of the proof are the same. We set again
B0(n, F ) = pi−1(Σn−1). This time B˜
0(n, F ) is the subgroup of B˜(n, F ) generated
by a1, . . . , ag, b1, . . . , bg, σ1, . . . , σn−2, τ1, . . . , τn−1, ω1, . . . , ω2g, where τj , ωr are
defined as above. Remark that τ1 ∈ 〈G〉 since from (TR) relation, the following
relation
τ1 = [ω1, ω
−1
2 ] · · · [ω2g−1, ω
−1
2g ]τ
−1
n−1 · · · τ
−1
2 ,
holds in B˜0(n, F ). When F is a closed surface the corresponding θ˜ has no section
(see section 2.1). Nevertheless, we are able to prove the analogous of Lemma 3.1
(see section 4.2).
Lemma 4.1. Let F be a closed surface. Then Ker(θ˜) is generated by {ω1, . . . , ω2g,
τ2, . . . τn−1}.
The following Lemma is analogous to Lemma 3.2.
Lemma 4.2. Let F be a closed surface and set also {ω1, . . . , ω2g, τ2, . . . τn−1} in
B0(n, F ) for {φn(ω1), . . . , φn(ω2g), φn(τ2), . . . φn(τn−1)}. Ker(θ) is freely generated
by {ω1, . . . , ω2g, τ2, . . . τn−1}.
Let ρj = σj · · ·σn−1 (where ρn = 1). We may conclude by checking that for any
generator g of B˜(n, F ) (or its inverse) and i = 1, . . . , n there exists j = 1, . . . , n and
x ∈ B˜0(n, F ) such that
gρi = ρjx ,
which is a sub-case of previous situation. 
4.2. Proof of Lemma 4.1. To conclude the proof of Theorem 1.2, we give the
demonstration of Lemma 4.1. Let us begin with the following Lemma.
Lemma 4.3. Let F be a closed surface and G = {τ2, . . . , τn−1, ω1, . . . , ω2g}. The
subgroup 〈G〉 is normal in B˜0(n, F )
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Proof: It suffices to consider relations in Lemma 3.1. Remark that from relations
shown in Lemma 3.1, it follows also that the set
{γτjγ
−1|j = 1, . . . n− 1, γ word over {ω±11 , . . . , ω
±1
2g }} ,
is a system of generators for 〈〈τ1, . . . , τn−1〉〉 ≡ 〈〈τn−1〉〉. 
In order to prove Lemma 4.1, let us consider the following diagram
Kerθ˜ ⊂
i
✲ B˜0(n, F )
θ˜✲ B˜(n− 1, F )
 
 
 
 
 
θ˜′
✒
Kerθ˜′
tn
❄
⊂
i′
✲ B˜0(n, F )/〈〈τn−1〉〉
qn
❄
In this diagram qn is the natural projection, θ˜
′ is defined by θ˜′ ◦ qn = θ˜ and tn is
defined by i′◦tn = qn◦i. Since tn is well defined and onto we deduce thatKer(tn) =
〈〈τn−1〉〉. Now, θ˜
′ does have a natural section s : B˜(n− 1, F )→ B˜0(n, F )/〈〈τn−1〉〉
defined as s(ai) = [aj ], s(bi) = [bj ] and s(σj) = [σj ], where [x] is a representative of
x ∈ B˜0(n, F ) in B˜0(n, F )/〈〈τn−1〉〉. Thus, using the same argument as in Lemma
3.1, we derive that Ker(θ˜′) = 〈〈K〉〉, where K = {[ω1], . . . , [ω2g], [τ2], . . . [τn−1]}.
From Lemma 4.3 it follows that 〈K〉 = 〈〈K〉〉. Moreover, since τi ∈ 〈〈τn−1〉〉 for
i = 1, . . . , n− 2, Ker(θ˜′) = 〈[ω1], . . . , [ω2g]〉.
From the exact sequence
1→ 〈〈τn−1〉〉 → Ker(θ˜)→ Ker(θ˜′)→ 1
it follows that {ω1, . . . , ω2g} and a system of generators for 〈〈τn−1〉〉 form a system
of generators for Ker(θ˜). From the remark in Lemma 4.3 it follows that Ker(θ˜) =
〈τ2, . . . , τn−1, ω1, . . . , ω2g〉. 
5. Other presentations and remarks
5.1. Braids on p-punctured spheres. We recall that the exact sequence
1 ✲ pi1(F \ {P1, . . . , Pn−1}, Pn) ✲ P (n, F )
θ✲ P (n− 1, F )→ 1
holds also when F = S2 ([5]). Thus, previous arguments may be repeated in the
case of the sphere, to obtain a new proof for the well-known presentation of braid
groups on the sphere as quotients of classical braid groups. On the other hand,
when F is p-punctured sphere we have the following result.
Theorem 5.1. Let F be a p-punctured sphere. The group B(n, F ) admits the
following presentation:
• Generators: σ1, . . . , σn−1, z1, . . . , zp−1 .
• Relations:
– Braid relations, i.e.
σiσi+1σi = σi+1σiσi+1 ;
σiσj = σjσi for |i− j| ≥ 2 .
– Mixed relations:
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(R1) zjσi = σizj (i 6= 1, j = 1, . . . , p− 1) ;
(R2) σ−11 zjσ1zl = zlσ
−1
1 zjσ1 (j = 1, . . . , p− 1, j < l) ;
(R3) σ−11 zjσ
−1
1 zj = zjσ
−1
1 zjσ
−1
1 (j = 1, . . . , p− 1) ;
We remark that this presentation coincides with Lambropoulou’s presentation
[14].
5.2. Braids on non-orientable surfaces. On the other hand, previous argu-
ments hold to show the following Theorems for non-orientable surfaces.
Theorem 5.2. Let F be a non-orientable p-punctured surface of genus g ≥ 1. The
group B(n, F ) admits the following presentation:
• Generators: σ1, . . . , σn−1, a1, . . . , ag, z1, . . . , zp−1 .
• Relations:
– Braid relations, i.e.
σiσi+1σi = σi+1σiσi+1 ;
σiσj = σjσi for |i− j| ≥ 2 .
– Mixed relations:
(R1) arσi = σiar (1 ≤ r ≤ g; i 6= 1) ;
(R2) σ−11 arσ
−1
1 ar = arσ
−1
1 arσ1 (1 ≤ r ≤ g) ;
(R3) σ−11 asσ1ar = arσ
−1
1 asσ1 (s < r) ;
(R4) zjσi = σizj (i 6= n− 1, j = 1, . . . , p− 1) ;
(R5) σ−11 ziσ1ar = arσ
−1
1 ziσ1 (1 ≤ r ≤ g; i = 1, . . . , p− 1; n > 1) ;
(R7) σ−11 zjσ1zl = zlσ
−1
1 zjσ1 (j = 1, . . . , p− 1, j < l) ;
(R8) σ−11 zjσ
−1
1 zj = zjσ
−1
1 zjσ
−1
1 (j = 1, . . . , p− 1) .
Theorem 5.3. Let F be a closed non-orientable surface of genus g ≥ 2. The group
B(n, F ) admits the following presentation:
• Generators: σ1, . . . , σn−1, a1, . . . , ag .
• Relations:
– Braid relations as in Theorem 1.1.
– Mixed relations:
(R1) arσi = σiar (1 ≤ r ≤ g; i 6= 1) ;
(R2) σ−11 arσ
−1
1 ar = arσ
−1
1 arσ1 (1 ≤ r ≤ g) ;
(R3) σ−11 asσ1ar = arσ
−1
1 asσ1 (s < r) ;
(R4) zjσi = σizj (i 6= n− 1, j = 1, . . . , p− 1) ;
(TR) a1 · · · ag = σ1σ2 · · ·σ
2
n−1 · · ·σ2σ1 .
We give only a geometric interpretation of generators ([8]). To represent a braid
in F we consider the surface as a polygon, this time of 2g sides as in Figure 9,
and we make an additional cut: define the path e as in the left hand of the Figure
9 and cut the poligon along it. We get F represented as in the right hand side
of the same figure, where we can also see how we choose the points P1, . . . , Pn.
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We show generators in Figure 10. Generators σj and zj are as above. For all
r = 1, . . . , g, the braid ar consists on the first string passing through the r-th wall,
while the other strings are trivial paths. Relations can be easily verified drawing
corresponding braids. The (TR) relation in Theorem 5.3 is treated in [8]. We
remark that setting g = 1 the previous Theorem provides a presentation for braid
groups on the projective plane (see also [20]).
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

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e
α g-1
αg-1
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α α
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α g
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α 1P nP1
Figure 8. Representation of a non-orientable surface F .
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a r
e e
α αr r
P1
σ i
e e
P1
Pn
e e
P
1
P
i
Pi+1
P
n
Pn j
z j
Figure 9. Generators as braids (for F a non-orientable surface).
5.3. Gonza´lez-Meneses’ presentations. Let F be a closed orientable surface
of genus g ≥ 1. Using the same arguments outlined in previous sections we may
provide an other presentation for B(n, F ).
Theorem 5.4. Let F be a closed orientable surface of genus g ≥ 1. The group
B(n, F ) admits the following presentation:
• Generators: σ1, . . . , σn−1, b1, . . . , b2g .
• Relations:
– Braid relations as in Theorem 1.1.
– Mixed relations:
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(R1) brσi = σibr (1 ≤ r ≤ 2g; i 6= 1) ;
(R2) bsσ
−1
1 brσ
−1
1 = σ1brσ
−1
1 bs (1 ≤ s < r ≤ 2g) ;
(R3) brσ
−1
1 brσ
−1
1 = σ
−1
1 brσ
−1
1 br (1 ≤ r ≤ 2g) ;
(TR) b1b
−1
2 . . . b2g−1b
−1
2g b
−1
1 b2 . . . b
−1
2g−1b2g = σ1σ2 · · ·σ
2
n−1 · · ·σ2σ1 .
A closed orientable surface F of genus g ≥ 1 is represented as a polygon L of 4g
sides, where opposite edges are identified. Figure 1.10 gives a geometric interpre-
tation of generators. Relations can be easily verified on corresponding braids.
Pi
σ
Pi+1
i
α
1 n
α
P P
i
i
b i
Figure 10. Generators as braids (for F an orientable closed surface).
The presentation in Theorem 5.4 is close to Gonza´lez-Meneses’ presentation.
Theorem 5.5. ([8]) Let F be a closed orientable surface of genus g ≥ 1. The
group B(n, F ) admits the following presentation:
• Generators: σ1, . . . , σn−1, a1, . . . , a2g .
• Relations:
(1) σiσi+1σi = σi+1σiσi+1 ,
(2) σiσj = σjσi for |i− j| ≥ 2 ,
(3) [ar, A2,s] = 1 (1 ≤ r, s ≤ 2g; r 6= s) ,
(4) [ar, σi] = 1 (1 ≤ r ≤ 2g; i 6= 1) ,
(5) [a1 . . . ar, A2,r] = σ
2
1 (1 ≤ r ≤ 2g) ,
(6) a1 . . . a2ga
−1
1 . . . a
−1
2g = σ1σ2 · · ·σ
2
n−1 · · ·σ2σ1 ,
where A2,r = σ
−1
1 (a1 . . . ar−1a
−1
r+1 . . . a
−1
2g )σ
−1
1 .
Remark that the geometric interpretation of bj corresponds to the braid gener-
ator aj when j is odd and respectively to a
−1
j , when j is even. Tedious computa-
tions show that relations in Theorem 5.4 (after replacing generators bj’s with aj ’s)
imply relations in Theorem 5.5. In the same way, Theorem 5.3 can be also veri-
fied directly, checking that the relations in Theorem 5.3 imply all relations of the
Gonza´lez-Meneses’ presentation for braid groups on non orientable closed surfaces
in [8]. However, we remark that the presentation in Theorem 5.3 is simpler and
with less relations than Gonza´lez-Meneses’ one.
On the other hand, it seems difficult to give an algebraic proof of the equivalence
between presentation in Theorem 1.2 and presentation in Theorem 5.5.
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5.4. Applications. We conclude this section with some remarks. We recall that
a subsurface E of a surface F is the closure of an open set of F . In order to avoid
pathology, we assume that E is connected and that every boundary component of
E either is a boundary component of F or lies in the interior of F . We suppose also
that E contains P . It is known [17] that the natural map ψn : B(n,E)→ B(n, F )
induced by the inclusion E ⊆ F is injective if and only if F \ E does not contain a
disk D2. We may provide an analogous characterisation about surjection.
Proposition 5.1. Let F be a surface of genus g ≥ 1 with p boundary components,
and let E be a subsurface of F . The natural map ψn : B(n,E) → B(n, F ) induced
by the inclusion E ⊆ F is surjective if and only if F \ E = ∐D2.
Proof: Remark that the natural morphism
ψ1 : pi1(E,P1)→ pi1(F, P1)
is a surjection if and only if F \ E = ∐D2. Now consider a pure braid p ∈ P (n, F )
as a n-tuple of paths (p1, . . . , pn) and let χ : P (n, F )→ pi1(F )n be the map defined
by χ(p) = (p1, . . . , pn). We have the following commutative diagram
P (n,E)
χ ✲ pi1(E)n
P (n, F )
ψn
❄ χ ✲ pi1(F )n
ψ1 × · · · × ψ1
❄
Since χ is surjective ([2]) we deduce that ψn is not surjective on P (n, F ) and thus
on B(n, F ). When E is obtained from F removing k disks, Theorems 1.1, 1.2, 5.1
5.2 and 5.3 give a description of Ker(ψn). This result can also be easily obtained
from the remark that B(n,E) is a subgroup of B(n + k, F ) and that the map ψn
corresponds to the usual projection B(n + k, F ) → B(n, F ). The existence of a
braid combing in B(n + k, F ), analogous to that of the Artin braid group Bn,
implies the claim. 
Proposition 5.2. Let F be a orientable surface of genus g ≥ 1, possibly with
boundary. Let Nn(F ) be the normal closure of Bn in B(n, F ). The quotient
B(n, F )/Nn(F ) is isomorphic to H1(F ), the first homology group of the surface
F .
Proof: Setting σj = 1 for j = 1, . . . , n− 1 in Theorems 1.1 and 1.2 we obtain a
presentation for H1(F ). 
6. Surface pure braid groups
Several presentations for surface braid groups are known, when F is a closed
surface or a holed disk ([8], [11], [14], [18]). In Theorem 6.1 we provide a presenta-
tion for pure braid groups on orientable surfaces with boundary. This presentation
is close to the standard presentation of the pure braid group Pn on the disk. We
provide also the analogous presentation for pure braid groups on orientable closed
surfaces.
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Pure braid groups Pn are a main ingredient in the construction of an universal
finite type invariant for links in R3 (see [16]).
Using an approach similar to the case of Pn, in [10] it is constructed an universal
finite type invariant for braids on orientable closed surfaces. This construction is
based on the group Kn(F ), the normal closure of classical pure braid group Pn in
P (n, F ).
Consider the sub-surface E obtained removing the handles of F . Let Yn(F )
be the normal closure of P (n,E) in P (n, F ). Using classical techniques and our
presentation for surface pure braid groups, we prove that the group Yn(F ), which
contains properly Kn(F ), is residually nilpotent (Theorem 6.4). On the other hand
the group Yn(F ) is the “biggest subgroup” of P (n, F ) on which one can use classical
techniques, and the question whether P (n, F ) is residually nilpotent, when F is a
surface with genus, remains open.
6.1. Presentations for surface pure braid groups.
Theorem 6.1. Let F be an orientable surface of genus g ≥ 1 with p > 0 boundary
components. P (n, F ) admits the following presentation:
• Generators:
{Ai,j | 1 ≤ i ≤ 2g + p+ n− 2, 2g + p ≤ j ≤ 2g + p+ n− 1, i < j}.
• Relations:
(PR1) A−1i,jAr,sAi,j = Ar,s if (i < j < r < s) or (r + 1 < i < j < s),
or (i = r + 1 < j < s for even r < 2g and r ≥ 2g) ;
(PR2) A−1i,jAj,sAi,j = Ai,sAj,sA
−1
i,s if (i < j < s) ;
(PR3) A−1i,jAi,sAi,j = Ai,sAj,sAi,sA
−1
j,sA
−1
i,s if (i < j < s) ;
(PR4) A−1i,jAr,sAi,j = Ai,sAj,sA
−1
i,sA
−1
j,sAr,sAj,sAi,sA
−1
j,sA
−1
i,s
if (i+ 1 < r < j < s) or
(i+ 1 = r < j < s for odd r < 2g and r > 2g) ;
(ER1) A−1r+1,jAr,sAr+1,j = Ar,sAr+1,sAj,sA
−1
r+1,s
if r even and r < 2g ;
(ER2) A−1r−1,jAr,sAr−1,j = Ar−1,sAj,sA
−1
r−1,sAr,sAj,sAr−1,sA
−1
j,sA
−1
r−1,s
if r odd and r < 2g .
Proof: The choice of the notation is motivated by the notation for standard
generators of Pn from [1]. Let P˜ (n− 1, F ) be the group defined by above presenta-
tion. We give in Figure 1.11 a picture of corresponding braids on the surface. Let
h = 2g + p − 1. In respect of the presentation for B(n, F ) given in Theorem 1.1,
the elements Ai,j are the following braids:
• Ai,j = σj−h · · ·σi+1−hσ2i−hσ
−1
i+1−h · · ·σ
−1
j−h, for i ≥ 2g + p ;
• Ai,j = σj · · ·σ1z
−1
i−2gσ
−1
1 · · ·σ
−1
j−h, for 2g < i < 2g + p ;
• A2i,j = σj · · ·σ1a
−1
g−i+1σ
−1
1 · · ·σ
−1
j−h, for 1 ≤ i ≤ g ;
• A2i−1,j = σj−h · · ·σ1b
−1
g−i+1σ
−1
1 · · ·σ
−1
j−h, for 1 ≤ i ≤ g .
The relations (PR1), . . . , (PR4) correspond to the classical relations for Pn. The
new relations arise when we consider two generatorsA2i,j , A2i−1,k, for 1 ≤ i ≤ g and
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j 6= k. They correspond to two loops based at two different points which go around
the same handle. Relations (ER1) and (ER2) can be verified by explicit pictures
or using relations in Theorem 1.1. The technique to prove that (PR1), . . . , (ER2)
     
A1,2g+p
2g+1,2g+p+1
A
1 p-1g1
1 2 n
A 2g+p+1, 2g+p+n-1
2g,2g+p
A
Figure 11. Geometric interpretation of Ai,j . We mark again with
Ai,j the only non trivial string of the braid Ai,j
is a complete system of relations for P (n, F ) is well known ([8], [11], [14], [18]). As
shown in [12], given an exact sequence
1→ A→ B → C → 1 ,
and presentations 〈GA, RA〉 and 〈GC , RC〉, we can derive a presentation 〈GB , RB〉
for B, where GB is the set of generators GA and coset representatives of GC . The
relations RB are given by the union of three sets. The first corresponds to relations
RA, and the second one to writing each relation in C in terms of corresponding
coset representatives as an element of A. The last set corresponds to the fact
that the action under conjugation of each coset representative of generators of C
(and their inverses) on each generator of A is an element of A. We can apply this
result on (PBS) sequence. The presentation is correct for n = 1. By induction,
suppose that for n− 1, P˜ (n− 1, F ) ∼= P (n− 1, F ). The set of elements Ai,2g+n+p−1
(i = 1, . . . , 2g+n+p−2) is a system of generators for pi1(F \{P1, . . . , Pn−1}, Pn). To
show that (PR1), . . . , (ER2) is a complete system of relations for P (n, F ) it suffices
to prove that relations RP (n,F ) are a consequence of relations (PR1), . . . , (ER2).
Since pi1(F \{P1, . . . , Pn−1}, Pn) is a free group on the given generators, we just have
to check the second and the third set of relations. Consider as coset representative
for the generator Ai,j in P (n − 1, F ) the generator Ai,j in P (n, F ). Relations lift
directly to relations in P (n, F ). The action of A−1i,j on pi1(F \ {P1, . . . , Pn−1}, Pn)
may be deduced from that of Ai,j . In fact, relations (PR2) and (PR3) imply that
Ai,jAi,2g+n+p−1Aj,2g+n+p−1 = Ai,2g+n+p−1Aj,2g+n+p−1Ai,j ,
for all i < j < 2g+n+ p− 1, and from this relation and relations (PR2) we deduce
that
Ai,jAi,2g+n+p−1A
−1
i,j = A
−1
j,2g+n+p−1Ai,2g+n+p−1Aj,2g+n+p−1 ,
for all i < j < 2g + n+ p− 1). It follows that
As,jAi,2g+n+p−1A
−1
s,j ∈ 〈A1,2g+n+p−1, . . . , A2g+n+p−2,2g+n+p−1〉 ,
for all s < j < 2g + n+ p− 1.
Thus we have proved that 〈A1,2g+n+p−1, . . . , A2g+n+p−2,2g+n+p−1〉 is a normal
subgroup and that also the third set of relations of RP (n,F ) is a consequence of
(PR1), . . . , (ER2). 
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In the same way we can prove the following Theorem.
Theorem 6.2. Let F be an orientable closed surface of genus g ≥ 1. P (n, F )
admits the following presentation:
• Generators: {Ai,j | 1 ≤ i ≤ 2g + n− 1, 2g + 1 ≤ j ≤ 2g + n, i < j}.
• Relations:
(PR1) A−1i,j Ar,sAi,j = Ar,s if (i < j < r < s) or (r + 1 < i < j < s),
or (i = r + 1 < j < s for even r < 2g and r > 2g) ;
(PR2) A−1i,j Aj,sAi,j = Ai,sAj,sA
−1
i,s if (i < j < s) ;
(PR3) A−1i,j Ai,sAi,j = Ai,sAj,sAi,sA
−1
j,sA
−1
i,s if (i < j < s) ;
(PR4) A−1i,j Ar,sAi,j = Ai,sAj,sA
−1
i,sA
−1
j,sAr,sAj,sAi,sA
−1
j,sA
−1
i,s
if (i+ 1 < r < j < s) or
(i+ 1 = r < j < s for odd r < 2g and r > 2g) ;
(ER1) A−1r+1,jAr,sAr+1,j = Ar,sAr+1,sAj,sA
−1
r+1,s
if r even and r < 2g ;
(ER2) A−1r−1,jAr,sAr−1,j = Ar−1,sAj,sA
−1
r−1,sAr,sAj,sAr−1,sA
−1
j,sA
−1
r−1,s
if r odd and r < 2g ;
(TR) [A−12g,2g+k, A2g−1,2g+k] · · · [A
−1
2,2g+k, A1,2g+k] =
2g+k−1∏
l=2g+1
Al,2g+k ×
×
2g+n∏
j=2g+k+1
A2g+k,j k = 1, . . . , n .
Remark 6.1. Let E be a holed disk. Theorem 6.1 provides a presentation for
P (n,E) ([14]). Let us recall that P (n,E) is a (proper) subgroup of Pn+k, where k
is the number of holes in E.
Remark 6.2. We recall that Pn embeds in P (n, F ) ([17]) and thus Pn is isomorphic
to the subgroup
〈Ai,j | 2g + 1 ≤ i < j ≤ 2g + n〉 ,
when F is a closed surface and Pn is isomorphic to
Pn = 〈Ai,j | 2g + p ≤ i < j ≤ 2g + p+ n− 1〉 ,
when F is a surface with p > 0 boundary components. Consider the sub-surface E
obtained removing g handles from F . The group P (n,E) embeds in P (n, F ) ([17])
and it is isomorphic to the subgroup
〈Ai,j ∪ A2k−1,l ∪ A
−1
2k,lA
−1
2k−1,lA2k,l | 2g + 1 ≤ i < j ≤ 2g + n , 1 ≤ k ≤ g〉 ,
when F is a closed surface and respectively to the subgroup
〈Ai,j ∪ A2k−1,l ∪ A
−1
2k,lA
−1
2k−1,lA2k,l | 2g + 1 ≤ i < j ≤ 2g + p+ n− 1 , 1 ≤ k ≤ g〉 ,
when F is a surface with p > 0 boundary components.
Remark 6.3. When F is a surface with genus, from relation (ER1) we deduce that
generators Ai,j for 2g + p ≤ i < j ≤ 2g + n + p − 1, which generate a subgroup
isomorphic to Pn, are redundant. Then Theorem 6.1 provides a (homogeneous)
presentation for P (n, F ) with (2g + p− 1)n generators.
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6.2. Remarks on the normal closure of Pn in P (n, F ). As corollary of previous
presentations we give an easy proof of a well-known fact on Kn(F )([7]).
Lemma 6.1. Let χ : P (n, F )→ pi1(F )n be the map defined by χ(p) = (p1, . . . , pn).
Let F be a closed orientable surface possibly with boundary. Let Kn(F ) be the
normal closure of Pn in P (n, F ). Then
Ker(χ) = Kn(F ) .
Proof: The set {χ(Ai,j) | 1 ≤ i ≤ 2g + p − 1 and 2g + p ≤ j ≤ 2g + p + n − 1}
forms a complete set of generators for pi1(F )
n. On the other hand, from relation
(ER1) it follows that χ(Ai,j) = 1 for 2g + p ≤ i < j ≤ 2g + p+ n− 1 and thus
Ker(χ) = 〈〈Ai,j | 2g + p ≤ i < j ≤ 2g + p+ n− 1〉〉 .
Remark 6.2 concludes the proof. 
Proposition 6.1. Let F be an orientable surface possibly with boundary. When F
is a torus
[P (n, F ), P (n, F )] = Kn(F ) .
Otherwise the strict inclusion holds:
[P (n, F ), P (n, F )] ⊃ Kn(F ) .
Proof: The inclusion Kn(F ) ⊂ [P (n, F ), P (n, F )] is clear.
Suppose that [P (n, F ), P (n, F )] = Kn(F ) = Ker(χ) for g > 1. It follows that
P (n, F )
Ker(χ)
is abelian. This is false since pi1(F )
n is not abelian for g > 1. Let w ∈
[P (n, F ), P (n, F )]. The sum of exponents Ai,j in w must be zero. The projection of
χ(w) on any coordinate is the sub-word of w consisting of the generators associated
to corresponding strand. Since the sum of exponents is zero, if F is a torus this
projection is trivial and the claim follows. 
We recall that Yn(F ) is the normal closure of P (n,E) in P (n, F ), where E is the
sub-surface obtained removing the handles of F .
Proposition 6.2. Let F be an orientable surface with p > 0 boundary components.
The following inclusions hold:
Kn(F ) ⊂ Yn(F ) ⊂ Kn+2g+p−1(F ) .
Proof: Remark 6.2 and Lemma 6.1 imply that the inclusion Kn(F ) ⊂ Yn(F )
is proper. Since P (n,E) is isomorphic to a subgroup of Pn+2g+p−1 and P (n, F )
embeds in P (n+ 2g + p− 1, F ), it follows that Yn(F ) is isomorphic to a subgroup
of Kn+2g+p−1(F ). 
6.3. Almost-direct products. It is known that
•
⋂∞
d=0 I(Pn)
d = {0};
• I(Pn)
d/I(Pn)
d+1 is a free Z-module for all d ≥ 0, where Ik means the k-th
power of the augmentation ideal of the group ring of Pn.
This result follows from a more general statement on almost-direct products (see
[10] or [16] ).
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Definition 6.1. Let A,C be two groups. If C acts on A and the induced action on
the abelianization of A is trivial, we say that A⋊C is an almost-direct product of
A and C.
Proposition 6.3. Let A,C be two groups. If C acts on A and the induced action
on the abelianization of A is trivial,
I(A⋊ C)m =
m∑
k=0
I(A)k ⊗ I(C)m−k for all m ≥ 0 .
Let B be a finitely iterated almost-direct product of free groups, then
•
⋂∞
d=0 I(B)
d = {0};
• I(B)d/I(B)d+1 is a free Z-module for all d ≥ 0.
As consequence of Theorem 6.1 we can prove that:
Proposition 6.4. Let F be an orientable surface with boundary. Then
•
⋂∞
d=0 I(Yn(F ))
d = {0};
• I(Yn(F ))d/I(Yn(F ))d+1 is a free Z-module for all d ≥ 0.
Proof: We sketch a proof for F orientable surface with one boundary component.
Let pi1(F )
n be provided with presentation
〈Aj,2g+k j = 1, . . . , 2g, k = 1, . . . , n|[Aj,2g+k, Al,2g+q] = 1 for all j, l = 1, . . . , 2g, 1 ≤ k 6= q ≤ n 〉 ,
where Aj,2g+k are the loops defined in Theorem 6.1. Let Fg,n be the group with
presentation
〈A˜j,2g+k j = 1, . . . , g, k = 1, . . . , n|[A˜j,2g+k, A˜l,2g+q ] = 1 for all j, l = 1, . . . , g, 1 ≤ k 6= q ≤ n 〉 .
Let µ : pi1(F )
n → Fg,n be the map defined by µ(A2i−1,2g+k) = A˜i,2g+k and
µ(A2i,2g+k) = 1. One can proceed as in Lemma 6.1 for showing that Ker(µ ◦ χ) =
Yn(F ) . Thus the following commutative diagram holds:
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1 1 1
1 ✲ Fg,1
✻
✲ Fg,n
✻
✲ Fg,n−1
✻
✲ 1
1 ✲ Ker(θ)
✻
✲ P (n, F )
µ ◦ χ
✻
θ✲ P (n− 1, F )
µ ◦ χ
✻
✲ 1
1 ✲ Gn
✻
✲ Yn(F )
✻
θ✲ Yn−1(F )
✻
✲ 1
1
✻
1
✻
1
✻
where Fg,1 is the free group on g generators and Gn = Yn(F ) ∩ Ker(θ) is a free
group.
Lemma 6.2. The following set is a system of generators for Gn.
{γAj,2g+nγ
−1|2g < j < 2g + n and 1 ≤ j < 2g, j even }
where γ is a word on {A±12k−1,2g+n|1 ≤ k ≤ g}.
Proof: Consider the vertical sequence
1 ✲ Gn ✲ Ker(θ) ✲ Fg,1 ✲ 1 .
Recall that Ker(θ) = pi1(F \ {P1, . . . , Pn−1}, Pn). A set of free generators for this
group is given by {Aj,2g+n|1 ≤ j < 2g + n}. The map µ ◦ χ sends Aj,2g+n in 1 for
2g < j < 2g + n and 1 ≤ j < 2g, j even. On the other hand, µ ◦ χ(A2k−1,2g+n) =
A˜k,2g+1 for k = 1, . . . , g. 
Recall that the existence of a section for θ implies that Yn−1(F ) acts by conju-
gation on Gn and thus on the abelianization Gn/[Gn, Gn]. The following Lemma
and Proposition 6.3 conclude the proof. 
Lemma 6.3. The action of Yn−1(F ) by conjugation on Gn/[Gn, Gn] is trivial.
Proof: Let t ∈ {Aj,k|2g < k < 2g + n, 2g < j < k and 1 ≤ j < 2g , j even } and
f ∈ {Aj,2g+n|2g < j < 2g + n and 1 ≤ j < 2g , j even }. We need to verify that
every t acts trivially on Gn/[Gn, Gn]. Presentation in Theorem 6.1 shows that
(A) tft−1 ≡ f (mod [Gn, Gn]) ,
22 PAOLO BELLINGERI
for every t and f . Now consider the action of t on A2s,2g+n, for s = 1, . . . , g. We
refer once again to Theorem 6.1 for showing that for every t ∈ {Aj,k|2g < k <
2g + n, 2g < j < k and 1 ≤ j < 2g, j even },
(B) tA2s−1,2g+nt
−1 = hA2s−1,2g+n (1 ≤ s ≤ g) ,
where h ∈ Gn. Let γ be a word on {A
±1
2k−1,2g+n|1 ≤ k < g}. From (A) and (B)
it follows that, for every t ∈ {Aj,k|2g < k < 2g + n, 2g < j < k and 1 ≤ j <
2g, j even }, tγfγ−1t−1 = tγt−1tft−1tγ−1t−1 = hγtft−1γ−1h−1 ≡ hγfγ−1h−1 ≡
γfγ−1 , where h is an element of Gn. 
Remark 6.4. We notice that classical techniques do not apply to the whole group
P (n, F ). The main obstruction is that, even when the exact sequence (PBS) splits,
the action of P (n, F ) on the abelianisation of pi1(F \ {x1, . . . , xn−1}) is not trivial,
because of relations (ER1) and (ER2). In particular, when F is a surface of genus
g ≥ 1, it is presently unknown whether the graded group associated to the lower
central series of P (n, F ) is torsion free.
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